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Finite Fringe Holographic Interferometry 
Applied to a Right Circular Cone at 
Angle of Attack 
The successful application of holography to the study of three-dimensional flow fields due 
to phase objects has been reported in the literature. The present report extends this tech-
nique to the study of density fields around opaque bodies as would normally be en-
countered in wind tunnel experiments. The density field around a 10-deg half-angle 
cone at 0 and 10-deg angle of attack has been investigated by means of the finite fringe 
holographic interferometry. The three-dimensional density field obtained from the re-
duction of the interferograms was found to agree with that obtained from an analytical 
solution of the governing equations. 
I 
Introduction 
I HE advent of holography, together with the de-
velopment of the high power Q-switched laser, has introduced a 
new dimension in the field of flow measurement. Apart from re-
moving the need for precision optical quality components in the 
case of double-exposed holograms, the use of holography has, for 
the first time, enabled a three-dimensional view of the flow field 
to be obtained from a single hologram. The high power of the 
laser and the Q-switch mechanism have together enabled film ex-
posure times in the region of 20 nano-sec to be attained thus, in 
effect, "freezing" the flow during the hologram production pro-
cess. 
Techniques for the application of holography to interferometry 
have been reported by Helfmger, et al. [I] ,1 and by Brooks [2]. 
Holographic interferometry has been used to determine the three-
dimensional asymmetric field produced by free-jet flow [3]. In 
this latter report, reduction of the fringe data to density informa-
tion was accomplished by expressing the density in a series of 
orthogonal polynomials and inverting the fringe-density integral 
Aquation by a computer program using a scheme reported in [4, 
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5]. In the present report, the applicabilit}' of holograjjhy in-
terferometry has been extended to include typical three-dimen-
sional density fields encountered in wind tunnel experiments. 
The experiments were conducted in the Naval Postgraduate 
School supersonic blowdown wind tunnel at a Mach number of 
2.8 using a 10-deg half-angle cone at 0 and 10-deg angle of attack. 
Since the total variation in fringe number was generally in the 
region of only 1-2 fringes a finite fringe technique was used in 
obtaining the interferograms. The finite fringe field was pro-
duced by a translation of the diffusing screen in the scene beam a 
distance of between 0.0025 in. and 0.003 in. between the two ex-
posures of the hologram. A vertical fringe field, obtained by 
horizontal translation of the diffuser, was chosen in spite of the 
greater effort required to reduce the interferograms at a particu-
lar section owing to the greater uniformity and clarity of the 
fringes thus obtained as compared to horizontal fringes. Fringe 
data obtained from the interferograms were reduced to density 
using the same computer program as used in [3]. The 
density field obtained experimentally was compared with the 
analytical solution reported by Jones [6], interpolating the results 
therein for the actual mach number of the experiments. 
Experimental Apparatus 
Wind Tunnel. This investigation was conducted in the Naval 
Postgraduate School blowdown supersonic wind tunnel. The 
wind tunnel is a blowdown-to-atmosphere facility which has a 
test section 4 in. X 4 in. in cross section and 6 in. in length. For 
this series of experiments, the side walls of the wind tunnel were 
replaced by plexiglas walls 2-in. thick so that a complete view of 
the flow in the test section could be obtained. 
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Fig. 1 Schematic representation of holographic arrangement
Fig. 2 View of test se<:tion showing detolls of model, mount, ond grid
with
P, reference density 0 deg C 760 mm Hq
{3 dimensionless constant related to Gladstone-Dale con-
stant
z. plane of constant z
This integral is the net change in optical path length integrated
along a given ray.
Equation (1) is the basic equation which has to be inverted to
obtaIn the unknown density from the known fringe shift values
obtained from an intel'ferogram. The entire density field is ob-
tained by adding different z-planes.




Q1£ f(x, y, z.)dsg
f(x, y, Z,) = p(x, y, Z.)!Pm - 1
where
Theoretical Analysis
The basic equation of interferometry is
Holographic Arrangement. A schematic of· the holographic ar-
rangement employed is shown in Fig. 1. The equipment was
mounted on a table that rested on a portion of the floor that was
vihrationally isolated from the rest of the building. The mono-
chromatic light source used was a Korad K-1 pulsed ruby laser
operating at a wavelength of 6943 Angstroms, togethei' with a
Pockels cell Q~switching device. The effective exposure time
was about 20 nanosec. A side band geometry was employed to
obtain the hologram8 of the flow field around the cone. A diffuse
glass in the path of the scene beam was used to produce light field
holograms, which because of the diffusion of the direction of the
rays in the scene beam, produced an effective field of view.in a
hologram of approximately 16 deg. A continuous wave helium-
neon laser was used for alignment of the Q-switched laser and the
optics.
The reference beam was directed over the top of the wind tunnel
by means of the two mirrors M and the size of the beam could be
adjusted by means of lenses U. The positions of the diffuser plate
and the two grids, one on each of the wind tunnel side walls, ai'e
also shown therein. The diffuser plate was mounted on the pre-
cision X-Y slide.
In order to be able to view the cone at angle of attack always in
a direction perpendicular to its axis when it was rotated in the
wind tunnel, it was necessary to construct separate grids for each
rotational angle at which the holograms were taken. The front
grid used for the 82.5-deg rotational position of the cone is shown
in position in Fig. 2. The grid lines can be seen to be parallel and
perpendicular to the cone axis for this particular angular positioil.
The orientation of the grids was designed to be at the correct
angle for the particular rotational position of the cone. Since, on
rotation, the axis of the cone was not in a vertical plane, it was
necessary to offset the two grids with respect to each other in such
a manner that on lining up the grids, the correct viewing position
perpendicular to the cone axis was thus automatically obtained.
More details on this arrangement are given in Jagota [7). The
10-deg semiapex angle cone model was fabricated from stainless
steel and rotated about the horizontal axis of the spindle shown in
Fig; 2.
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Maldonado, et al. [4] and subsequently used by Matulka [3] to 
calculate the density variation in an asymmetric free jet from the 
fringe numbers obtained from holographic interferograms. The 
procedure involves the representation of the function/(r, y, zc) by 
a complete set of orthogonal functions, with the unknown coef-
ficients being evaluated by use of the orthogonality relationship 
between the set of functions. The set of functions employed 
have a region of orthogonality that covers the entire plane and 
have the property that they are "invariant in form" to a rotation 
of the coordinate system. The coordinate system used for the 
inversion involve X and Y in a fixed laboratory coordinates and X' 
and Y' the coordinates in which the fringe number function is de-
fined. These latter coordinates rotate with respect to the fixed 
coordinates X and Y as the angle of view through the test section 
is varied. 
In operator form, equation (1) can be represented as 
</(?, V', *c) = Tf(x, y, zc) (4) 
and the object of the procedure is to evaluate/ , tha t is, to obtain 
f{x, y, *„) = T-W£, y', *„) (5) 
where T~l represents the inverse of T. 
This inversion is achieved by utilizing a pair of orthogonal 
polynomials U„l+a
i:",(ax, ay) and Hm+2k(ay') which are related 








and Hm are the Hermite polynomials. 
The function fix, y, zc) is first expanded in a series of the poly-
nomials Um+ik as 
fix, y, zc) = J2 E ft-CW'-Ca) 
m = 0 k = 0 
X Um+2k
±m(ax,ay)e-(a'x3+a'^ (8) 
where e„ = \ for m = 0 and 1 for TO = 1, 2, 3 , a is an arbi-
trary scale factor, and C„,+2t
:t'" are the unknown expansion coef-
ficients. In order to evaluate these coefficients, an expression 
for the function g(£, y', zc) is obtained in terms of the polynomials 
by transforming fix, y, zc) in accordance with equation (4). 
Using the transform relation given by equation (6), the following 
expression is obtained: 




The expansion coefficients can then be evaluated by applying 
the following orthogonality relationship to equation (9): 
/ : 
(1±im$;p±im$;i 'df 
a* - * 
r H„ M<xy')HnM<xy')e-a2,J'2dy' 
[(m + 2k)l(n + 2l)\2m+2k2n + 21 
} (10) 
that is, by taking the scalar product of equation (9) with e^*"^ 
X Hv+2p(ay') and using equation (10), the coefficients of the 
series and equation (8) are obtained as 
~X \ \ giv'^.ZcW^ay'^^dy'dt (11) 
Substitution of equation (11) into equation (8) results in the 
density variation being given by 
fix, y. 
fc!(m + /c)!j ' / 2 
e-{aV+aV) 
z = ( a \ - - \k_ 
f \ 9(y',£,Zc)e-imiHm+,k(<xy')dy'd% 
%J — 7T *J — CO 
X real 
X Um+lll»'(ax, ay) (12) 
The functions Um+2t
±m employed are complex polynomials de-
fined as 
Um+2k
±miax',ay') = ( - 1 ) * 
( * ) (< 
k\ 
(TO + 2h)\-j 
X [aKx12 + i/'2)]»'%±,'m*Lfc»'[a2(.i;'2 + T/'2)] (13) 
where <3? = tan l — and Lt'" are the associated Laguerre poly-
nomials 
L^iaW + a2;/2) 
VI 
= E (m + k)\ '„ (k - S)!(TO + s)\s\ [i-l)ia
2x2 + ahf)V (14) 
Substitution of equation (13) into equation (12) yields 
( a \ - - jJr-mi 
/(: 
X (a'x* + a"ya)m,!iLkm(aV + a'y>) 
X [B„ + t t »(a) cos (m$) + Dm+lh







- / : / : 
">-r.x 
g(y', £, ««) oos im£)Hm+ikiay')dy'd£, 
(16) 
ff(?/, f, zc) sin (m!;)Hm+ik(ay')dy'd% 
(17) 
Equations (15)—(17) are the basic equations used to obtain the 
density distribution of a completely asymmetric flow field. 
A computer program [3, 7] was written using the foregoing 
equations. The suitability of this computer program for 
handling eases with discontinuities in slope had been investi-
gated by means of various test function inputs into the program 
in reference [3]. The accuracy of the inversion in these cases 
was reported to be within 3.8 percent. In order to verify the 
applicability of the program to the present investigation, known 
values of the density along one line of sight, obtained from ref-
erence [6] at a particular cross section in the flow about a cone 
were fed in an input and Mode 1 operation of the computer pro-
gram utilized. In this mode, the program calculates the fringe 
number array that would result from the specified density dis-
tribution and then uses this data as the input for inversion to 
obtain the density distribution. One of the primary objectives 
of this investigation was to determine the effect of opaque 
objects introduced into the flow field and the presence of the 
shock wave on the resulting inversion. I t was found that the 
effect of the presence of the cone could be reduced by the intro-
duction of a fictitious density distribution in the area occupied by 
it of a constant value equal to the density a t the cone surface. 
The result of this analysis gave a maximum variation in the in-
verted density of about 1.5 percent. 
The governing differential equation for the flow around a 
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yawed cone is developed on similar lines as tha t for axisym-
metric flow [8] with the difference tha t in this case, the velocity 
components, pressure, and density are expressed as a series repre-
sentation about the axial flow values. A detailed description of 
the procedure may be found in references [9-11]. An examina-
tion of the results reveals that although the flow is no longer irro-
tational, the flow field can still be regarded as conical. Further-
more, the shock wave in this case is still a cone of the same semi-
apex angle as in the no-yaw case with the difference that the 
shock wave is itself yawed at an angle which is proportional to the 
angle of yaw of the cone with respect to the free stream. 
For the How around a right circular cone at incidence, there is 
planar symmetry and hence a 90-deg field of view is required for 
complete coverage of the total flow field. This coverage can be 
obtained by the simultaneous production of a number of holo-
grams in various azimuthal positions or by a rotation of the view-
ing angle between each production of a single hologram. Taking 
advantage of the steadiness of the flow fields investigated, holo-
grams covering various sectors of the flow field were obtained bj ' 
rotating the cone to six positions in a 90-deg sector, one hologram 
being obtained in each case. 
The holograms were obtained on Agfa-Gevaert 8B-75 holo-
graphic plates, 4 in. X 4 in. in size. Reconstruction of the scene 
was achieved by illuminating the hologram with the light from a 
helium-neon laser operating at a wavelength of 6328 Angstroms. 
Reconstruction and Data Reduction 
To obtain reconstruction of the image from the hologram, 
various methods can be employed. In the usual method where 
the hologram is reilluminated by a beam similar to the original 
reference beam, each point on the photograph is produced by a 
series of nonparallel rays that appear to originate from various 
sources on the diffuse glass that was used to construct the 
hologram. An almost parallel set of rays can be selected by the 
positioning of a small aperture at the focal plane of the imaging 
lens. A similar effect is achieved by illuminating the hologram 
by a conjugate beam of small diameter. Because of the small 
diameter of the reconstruction beam, the illuminated portion of 
the hologram represents a small aperture and thus the image 
produced has a large depth of field. This was of considerable ad-
vantage in the production of the interferograms from the holo-
grams since it enabled the front and rear grids, the cone and the 
fringes to be simultaneously projected on a screen and thus made 
the task of obtaining the correct viewing angle of the interfero-
gram quite easy to achieve. A photograph of the scene was ob-
tained by focusing the camera at the desired plane in the recon-
structed test section, usually in such a manner so as to be in the 
plane of fringes. The lines of sight recorded on the photograph 
in this case represent the almost parallel pencil of rays from the 
diffuser that pass through the effective aperture in the hologram. 
The reduction of fringe shift was obtained by projecting the 
negative of the interferogram in a photoenlarger and by tracing 
the fringes, the cone surface, the shock wave, and the grid line at 
the desired station at which the reduction was to be performed, 
on a sheet of paper. Some judgement was usually necessary in 
locating the center of the fringes but in general the light fringes 
were found to be narrower than the dark fringes and a location of 
the fringes to within ± 0 . 1 of the fringe spacing in the free stream 
could be obtained. The fringes in the region outside the shock 
were extended toward the cone surface and the fringe shift read 
at the points of intersection of the displaced fringes with a number 
of rays from the cone vertex. The assumption of locally conical 
flow in the region within two to three fringes on either side of the 
section was made in order to obtain the fringe displacements at 
the section from those at the points of intersection of the rays 
from the cone vortex with the fringes on either side of the section. 
Since the actual size of the cone was known, it was possible to cal-
culate the factor by which the projected image was magnified as 
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Fig. 3 Comparison of radial density distribution obtained From experi-
ment wifh A G A R D 167 distribution, axisymmetric case 
used to determine the actual radial distances from the cone axis 
at which the fringe shifts were obtained. The radius of the in-
version circle was selected such that the maximum distance of the 
shock from the cone axis was at 95 percent of the radius of the in-
version circle. From the data so obtained, the radial variation of 
fringe number was plotted and a smooth curve drawn through 
the points. The fringe number at 201 equidistant points was 
then read off from the curve and utilized as the input into the 
computer program in Mode 3. This mode utilizes raw data 
taken at the proper interval and directly read into the G array in 
the program by Subroutine READ. Further details about the 
use of this computer program are outlined in Jagota [7] or Ma-
tulka [3]. For the axisymmetric case, it was necessary to feed in 
the fringe data along one line of sight only and to obtain the 
density variation along one radial line. For the asymmetric 
case, fringe data were fed in along six lines of sight in a 90-deg 
field of view and the inverted density field obtained along 9 radial 
lines spanning a 180-deg field of view on one side of the axis of 
planar symmetry of the flow. A typical reduction of an inter-
ferogram to obtain the radial variation of fringe number at a sec-
tion is given in Jagota [7]. 
Experimental Results 
Axisymmetric Case. The fringe data were obtained from a re-
duction of both sides of the cone. Since the flow was axisym-
metric, an average of these two readings was taken and a fringe 
was plotted. The density distribution obtained from the output 
of the inversion is shown in Fig. 3. The comparison of the 
density distributions from the AGARD tables and those obtained 
from the experiment show good agreement, the maximum varia-
tion in overall density being 8 percent of the theoretical density 
value. 
Asymmetric Case. Holograms were taken for the cone at 10-
deg angle of attack at intervals of 15 deg through a 90-deg viewing 
angle. A photograph of one of the interferograms obtained from 
the holograms is shown in Fig. 4. Except for the 67.5-deg and 
82.5-deg angles of view, the perturbation to the flow on the lee-
ward side of the cone was insufficient to enable either the shock 
position or the fringe displacements on this portion of the flow 
field to be obtained. The fringe shifts in this region were, there-
fore, taken as zero and the calculated position of the shock was 
used. A comparison of the shock wave position obtained ex-
perimentally from the interferograms with that from the AGARD 
167 tables interpolated for a Mach number of 2.84 is shown in Fig. 
5. A comparison of the experimentally obtained radial distribu-
tions with those from the AGARD 167 tables interpolated for a 
Mach number of 2.84 are shown in Figs. 6-8. 
Error Analysis. The errors in the final solution are mainly due to 
errors in the fringe data input into the computer program. One 
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Fig. 5 Comparison of position of shock wave obtained experimentally
with that from AGARD 167 for M = 2.84, asymmetric case
terpolation between different fringes at varying radial distances
from the cone axis, this would have resulted in a smoothing of the
errors to about ±O.5 mm. Since the maximum fringe shifts ob-
tained were in the region of 8 mm, an enOl' of ±O.5 mm cone-
sponds to an elTor of approximately ±8 percent in the magni-
tudes of the fringe shifts obtained.
The differences between the experimental and theoretical
density curves reflect the previous estimates of error quite well.
The experimentally obtained density distribution is generally
about 5 percent higher than the theoretical curve and this rises
to a maximum of 8 percent close to the cone surface. Similar
differences are apparent in the general cases in Figs. 6-8. How-
ever, in these curves the maximum differences are somewhat
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Fig.4 Holographic interferogram for 52.5-deg angle of view
of the major sources of errol' was due to'the difficulty in obtaining
the slope of the fringe lines in the free stream to a very high de-
gree of accuracy. From the results' of the experiments con-
ducted on a 10-deg half-angle cone in reference [12], it was ap-
parent that the flow in regions close to the tip of the cone would
be affected by the boundary layer on the cone wherea-s sections
near the base of the cone would be affected by the wake and ex-
pansion of the flow. In order to obtain a flow which was locally
nearly conical, it was thus necessary to reduce the intel'ferograms
at a section approximately 60-70 percent of the cone length
downstream of the tip. At this section, however, the shock wave
was about 1 in. from the axis of the cone and considering that the
fringes in a region about 1/4 in. adjacent to the tunnel walls were
affected by the boundary layer, this left a region of about 3/4 in.
in which the fringes of the flow in the free stream were present.
It was thus difficult to obtain the slope of the fringes very ac-
curately and it is estimated that elTOl'S of approximately ±1 mm
in the fringe data along any fringe could have resulted. How-















° AGARD 167 Distribution for M = 2.84
+Experimental Distribution
Fig.6 Comparison of experimental radial density distribution with AGARD 167 distribu-
tion for asymmetric case at M = 2.84, '" = 0 des, 22.5 deg, and 45 des
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Fig. 8 Comparison of experimental radial density distribution with AGARD 167 distribu-
tion for asymmetric case at M = 2 .84, 0 = 112.5 deg and 135 deg 
section closer to the base of the cone than for the axisymmetric 
case. In so far as the general magnitude of the density is con-
cerned, the experimentally obtained distribution follows the 
theoretical one fairly well. Except for the density distributions 
for $ = 0 deg and 3? = 22.5 deg, the density starts to rise above 
the free-stream value at a normalized radial distance from the 
cone axis of about 0.7, then assumes a nearly constant value before 
rising steeply again at a radial distance closer to the cone axis. 
Conclusions 
The finite fringe method for the production of holographic in-
terferograms has been applied successfully to the determination 
of the three-dimensional density distribution of the flow around a 
10-deg half-angle cone at angle of attack. The method has been 
demonstrated to yield results within an accuracy of 8 percent for 
the axisymmetric case and within 13 percent for the asymmetric 
case. The magnitude of the errors are mainly a result of the 
constraints imposed by the existing wind tunnel size and 
the fact that the cone model used produced perturbations in the 
flow field of a fairly small magnitude so tha t small errors 
in measurement were reflected as relatively large percentage 
errors. 
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